The study of discrete gauge symmetries in field theory and string theory is often carried out by embedding them into continuous symmetries. Many symmetries however do not seem to admit such embedding, for instance discrete isometries given by large diffeomorphisms in compactifications. We show that in the context of string theory even those symmetries can be embedded into continuous ones. This requires extending the system to a supercritical string theory configuration with extra dimensions, on which the continuous symmetry acts. The extra dimensions are subsequently removed by closed string tachyon condensation, which breaks the continuous symmetry but preserves a discrete subgroup.
Introduction
Discrete symmetries are a key ingredient in particle physics, and especially in physics beyond the Standard Model, for instance R-parity in supersymmetric extensions of the Standard Model or discrete symmetries in flavour physics. Beyond this phenomenological relevance, it is important to investigate the nature of discrete symmetries at a more fundamental level. Indeed, there are strong suggestions that global symmetries, either continuous or discrete, cannot exist in consistent quantum theories including gravity, such as string theory (see [1] [2] [3] for early viewpoints, and e.g. [4, 5] and references therein, for more recent discussions); hence, exact discrete symmetries should have a gauge nature [6] [7] [8] .
The realization of discrete gauge symmetries in string theory has been recently explored in several papers [9] [10] [11] [12] 1 . In these papers, the discrete symmetries arise as subgroups of continuous gauge symmetries broken by their gauging of (or Higgsing by) certain scalars of the theory. The prototypical case is that of Z n discrete gauge symmetries from U(1) gauge groups on D-branes, broken by 4d Stückelberg couplings.
This appearance of discrete symmetries from continuous ones is extremely useful, for instance to make contact with the 4d field theory description, and to construct charged particles and other topological defects [5] (or, even in purely field theoretical setups, to study anomaly cancellation conditions [22] [23] [24] [25] ). An important point, however, is that the scale of the massive gauge bosons is of the order of the string scale; from the 4d effective theory viewpoint, the continuous symmetry can be regarded as a useful device that facilitates the understanding of the discrete gauge symmetry, at the price of 'integrating in' a sector of string scale physics, relevant to the topology of the symmetry breaking and the charged objects.
In string theory, either in 10d or in compactifications, there are however many examples of discrete symmetries that cannot be embedded into a continuous group. A prototypical example in compactifications is that of discrete gauge symmetries from 'large' discrete isometries of the compactification space (i.e. corresponding to diffeomorphisms which cannot be continuously connected to the identity). The purpose of this paper is to realize that such discrete symmetries can actually be embedded into continuous ones, if one is ready to 'integrate in' a suitable sector of stringy physics.
We will argue that this suitable sector is provided by extra spacetime dimensions, on which the discrete symmetry can be promoted to a continuous one. As we will explain, extending the theories beyond the familiar 26d or 10d, for the bosonic or superstring theories, requires considering supercritical string theory models [26] .
The analogue of the gauging/Higgsing mechanism is condensation of the closed string tachyon in the spectrum of the supercritical theory. This removes the extra dimensions to recover the original critical theory, and breaks the continuous gauge symmetry down to the discrete group. Although the closed tachyon condensation involves string scale physics, this was also the case in the familiar setup of breaking continuous groups by gauging/Higgsing. In fact, as in the latter case, the effects of closed tachyon condensation with respect to the symmetry and its breaking are topological and can be analyzed reliably. One important implication is that discretely charged topological defects can be constructed as solitons of the closed string tachyon field, in a way reminiscent of the construction of D-branes as (open string) tachyon solitons, and its connection with K-theory. Note however that the dynamical details of closed tachyon condensation are very different from a gauging/Higgsing; hence, another take on this paper is the proposal of a new dynamical mechanism to realize discrete gauge symmetries from continuous ones, beyond those considered hitherto.
The paper is organized as follows. In the next subsection we warm up with an analogous realization of discrete symmetries, but in the more familiar open string setup:
a Z 2 symmetry in type I theory, realized as a subgroup of a continuous U(1) broken by open string tachyon condensation. In Section 2 we review the construction of different supercritical string theories and their closed tachyon condensation decays to the familiar bosonic, heterotic and type II counterparts in the critical dimension [27, 28] . In Section 3 we consider examples of discrete Z n symmetries of string models in critical dimension and their embedding as rotations in extra dimensions in supercritical extensions, e.g.
spacetime parity in section 3.1, and a Z 2 symmetry of the SO(32) 10d heterotic in section 3.2. In section 3.3, we describe the construction of Z n charged topological defects as closed tachyon solitons. In Section 4, we propose a more general embedding of discrete symmetries, in which the continuous group acts as a translation in a compact S 1 supercritical dimension, along which the theory picks up a Z n holonomy. The resulting configuration is introduced in section 4.1, and in section 4.2 it is related to the description of discrete gauge symmetries as a sum over disconnected theories [29] .
The closed tachyon solitons describing Z n defects are discussed in section 4.3. In section 4.4 we consider this realizations of different examples of discrete symmetries, including large isometries. In section 5 we consider further examples of non-geometric discrete symmetries, which actually turn into large isometries upon use of T-duality. In section 6 we discuss a generalization to non-abelian discrete gauge symmetries, and present an explicit example of discrete Heisenberg groups. Section 7 contains our conclusions.
Appendix A contains the partition functions for the different supercritical strings, while appendix B describes examples of large isometries for T 2 and CY threefolds. Appendix C provides a formal description of the non-abelian case, and applies it to the example of section 6.
Warmup: a type I Z 2 symmetry from open string tachyon condensation
To clarify the proposal, in this section we present an analogous implementation in the context of open string tachyon condensation. We use it in 10d type I theory to derive a discrete Z 2 gauge symmetry from a continuous one. Although the argument is simple, to our knowledge it has not appeared in the literature (see [30] for a similar phenomenon in type IIB orientifolds).
Recall that in 10d type I theory there exist several Z 2 charged non-BPS branes [31] .
In particular we focus on the D7-and D0-branes (denoted by D7-and D0-branes in what follows), which pick up a −1 when moved around each other [31, 32] . Hence, they correspond to a Z 2 charged particle and the dual codimension-2 Z 2 charged defect (the 10d analogue of 4d Z 2 string), associated to a Z 2 discrete gauge symmetry. Since the D0-brane is a spinor under the SO(32) perturbative type I gauge symmetry [33, 34] , the Z 2 can be defined as acting as −1 on spinors and leaving tensors invariant.
Naively, this type I Z 2 symmetry cannot be described as a discrete remnant of a broken continuous gauge symmetry. However, this can be achieved by regarding type I theory as the endpoint of open string tachyon condensation, starting from a configuration with additional D9-D9 brane pairs [35] ; this is natural given the construction of , and an opposite-chirality SO(34) spinor with U(1) charge − 1 2
. Tachyon condensation imposes the breaking
(The intermediate step just displays the two SO(2) symmetries most relevant in the final breaking). The phenomenon is very similar to a Higgs mechanism, with the proviso that the diagonal subgroup actually disappears from the theory (this is analogous to the disappearance of the diagonal U(1) in the annihilation of spacetime filling braneantibrane pairs, see e.g. [36] for discussions). The anti-diagonal combination U(1) anti of
Higgsed down by the tachyon, which carries charge +2, thereby leaving a remnant Z 2 discrete gauge symmetry. The Z 2 charged particles are the D0-brane states, which transform as a chiral SO(32) spinor
The main lesson is that this Z 2 symmetry of 10d type I theory 4 can be derived as an unbroken discrete symmetry of a continuous gauge symmetry, by regarding the theory as the endpoint of (open string) tachyon condensation. The 'parent' theory includes extra degrees of freedom on which the continuous symmetry acts, and which disappear upon tachyon condensation. The purpose of this paper is to develop a similar description for other symmetries, which involves extra spacetime dimensions and closed string tachyon condensation. In fact, in section 3.2 we will re-encounter the above type I pattern in the SO(32) heterotic theory when regarded as the endpoint of closed string tachyon condensation (actually in agreement with a duality proposed in [27] ).
2 For future convenience, we mention that in models with n extra D9-D9 pairs, there are massless fermions transforming under SO(32 + n) × SO(n) as follows [35] : one set of chiral spinors in the representation ( , 1) + (1, ), and one opposite-chirality spinor in the ( , ). 3 This follows from the quantization of the fermion zero modes in D0-D9 and D0-D9 sectors, and restricting onto states invariant under the world-volume O(1) gauge symmetry. 4 Incidentally, other Z 2 charged branes can be associated to discrete Z 2 subgroups of continuous symmetries, albeit associated not to gauge bosons but to higher RR p-forms, when described as K-theory valued objects [37] .
Supercritical strings and dimension quenching
In the above type I example, the Z 2 symmetry acts on gauge quantum numbers, so its embedding in a continuous symmetry simply demands enlarging the gauge group. This is achieved with extra brane-antibrane pairs, removed by open string tachyons. This is natural since the Z 2 charged objects are D-branes, whose charges lie in K-theory.
Clearly other discrete symmetries are radically different, and may involve non-trivial geometric actions. A prototypical example are discrete isometries given by large diffeomorphisms (i.e. not in the connected component of the identity), dubbed 'discrete large isometries' from now on. Their embedding in a continuous group demands enlarging the underlying spacetime symmetry. We must enlarge the number of dimensions beyond the familiar D = 26, 10 for bosonic or superstring theories, and consider physical processes removing them (but leaving an unbroken discrete symmetry). This motivates the use of supercritical string theories, and their closed string tachyon condensation processes, reviewed in this section.
Supercritical strings are defined by generalizing the worldsheet field content of the familiar 26d bosonic string, or 10d superstring, to D dimensions (with extra changes for supercritical heterotics), and introducing a linear dilaton background,
to maintain the correct matter central charge
for the bosonic and superstring theories. We consider a timelike linear dilaton in order to produce supercritical (rather than subcritical) theories, i.e. D > 26, 10 dimensions, and choose coordinates such that V µ = 0 for µ = 0.
As usual, consistent theories must fulfill the requirement of modular invariance, which leads to different supercritical theories, discussed below. The pattern of GSO-like projections (when required) determines the spacetime spectrum, in particular massless 5 and tachyonic fields. The ubiquity of closed string tachyons will be an important aspect.
Contrary to open string tachyons, closed string instabilities are less understood (see e.g. [38] [39] [40] [41] [42] [43] for some discussions). Fortunately, there is a quite precise description of the different effects of closed tachyon condensation in supercritical strings, which is even quantitative for lightlike tachyon profiles [28, [44] [45] [46] 6 . In particular, they have been 5 Since the dilaton background breaks Poincaré invariance, one should be careful in talking about mass. We follow the convention in [27] of meaning the mass term arising in the equations of motion of the spacetime field. 6 For other works on light-like tachyon condensation, see [47] [48] [49] .
shown to trigger a reduction in the number of dimensions [28] , dubbed 'dimension quenching' [46] . Moreover, the standard 26d bosonic string theory, the 10d SO (32) heterotic, and the 10d type 0 and type II superstrings, can be regarded as the endpoint of closed string tachyon condensation of suitable supercritical string theories.
Supercritical bosonic strings
The supercritical bosonic string in D-dimensional spacetime is defined by D worldsheet bosons X M , M = 0, . . . , D − 1, and an appropriate timelike linear dilaton. As in the familiar 26d theory, the light spectrum contains a (real) closed string tachyon T (X), and massless graviton, 2-form and dilaton fields,
Since the tachyon vertex operator is the identity, a tachyon background couples as a worldsheet potential. Tachyon condensation can be followed quantitatively for specific 'light-like' profiles, in which the tachyon T (X + ) depends on the direction X + .
It describes the dynamics close to the boundary of an expanding bubble interpolating between two vacua: the 'parent' with no tachyon and the endpoint of tachyon condensation. We focus on tachyon profiles describing the disappearance of spacetime dimensions, see [28] for additional details. To remove e.g.
we deform the worldsheet action by a superposition of conformal operators
The parameters β, β k are fixed to make the operators marginal (i.e. satisfy the tachyon spacetime equations of motion), and µ 0 , µ k are tuned to achieve a stationary (yet not stable, in this bosonic case) endpoint.
The theory simplifies in the limit k → 0 keeping fixed
The tachyon profile essentially becomes
Here we have removed certain terms (denoted by T 0 in eq.(2.9) of [28] ), since they describe a possible left-over tachyon background in the endpoint theory (which we tune to be zero), and contain a term canceling against an upcoming (worldsheet) quantum correction [28] .
At X + → −∞ we have the parent bosonic theory in D dimensions and vanishing tachyon profile, while at X + → ∞ the strings are pinned at Y = 0, so spacetime effectively loses one dimension. Integrating out the worldsheet field Y at late X + produces a quantum correction that readjusts the metric and dilaton background, correctly accounting for the change in the central charge.
The bottom line is that the dimension Y disappears via closed string tachyon condensation. It is straightforward to generalize to the disappearance of several dimensions, and in particular to decay down to the familiar 26d bosonic string theory.
The general lesson about closed string tachyon condensation is the reduction of spacetime dimensions onto the locus of vanishing tachyon. This lesson can be applied to more general tachyon profiles (see section 4) even if the corresponding worldsheet theory is not exactly solvable; in other words, the above quadratic profile (2.3) is a local approximation for any tachyon profile sufficiently near a simple zero, around which the background is otherwise trivial (except for the linear dilaton). From this perspective, the trigonometric profile (2.2) would lead to a periodic array of zeroes, and the purpose of the k → 0 limit is to decouple them and extract an isolated zero.
Supercritical heterotic strings
Let us review the supercritical heterotic strings in D = 10 + n dimensions, dubbed HO +(n) and HO +(n)/ in [27] , to which we refer the reader for details. In both, the worldsheet theory generalizes the 10d SO(32) heterotic in its fermionic formulation. 
HO +(n) theory
In the HO +(n) theory there are two GSO-like projections, which can be described as orbifolds by the Z 2 actions g 1 , g 2 in table 1. We recall that in quantization on the cylinder, fermions odd under such an action g are antiperiodic in the g-untwisted sector
and periodic in the g-twisted sector. The GSO g 1 acts on the 32 left-moving fermions as in the 10d SO(32) heterotic string, while g 2 is an extension of the standard GSO projection in the right-moving sector (as recovered by 'forgetting' theψ m , χ m ). The symmetry is SO(1, 9 + n) X,ψ × SO(n) χ × SO(32) λ . Tachyonic and massless states arise only in the g 1 -untwisted sector, and are as follows 
Spinor in adj. of SO(32)
The tachyons T m are singlets under the SO(32) gauge group. The spinor groundstates arise from fermion zero modes forψ M , χ m , and have fixed overall chirality under
This theory is related to the 10d SO(32) heterotic theory by (light-like) tachyon condensation quenching the n extra dimensions. In this case, the tachyon background couples as a worldsheet superpotential
where T m are functions of the (0, 1) superfields X M + iθ +ψM , and we have Fermi superfields Λ m = χ m + θ + F m , with F m being auxiliary fields (see e.g. [50] ). Using the kinetic term to integrate out the latter, the extra terms in components are a worldsheet potential for the worldsheet bosons and Yukawa couplings for worldsheet fermions
To describe the disappearance of all dimensions X m , we consider a profile for the tachyons, sketchily given by
The LHS describes the deformation by exponential operators (taken marginal by tuning β k ), while the RHS describes the configuration after a k → 0 limit, similar to the earlier one in section 2. We conclude by mentioning that, exactly as in the 10d heterotic theories, it is straightforward to modify the GSO projections of the 32 worldsheet fermions λ a to construct a supercritical version of the E 8 × E 8 heterotic theory.
In the HO +(n)/ theory, the GSO projection is given by the action g 1 in the third column of table 1. All left-moving fermions λ, χ are on equal footing, so they are collectively denoted λ a , a = 1, . . . , 32 + n. The symmetry is SO(1, 9 + n) X,ψ × SO(32 + n) λ . Light states arise only in the g 1 -untwisted sector, and are as follows
The tachyons T a transform in the vector representation of the SO(32 + n) gauge group.
The above theory has no spacetime fermions, so it is not a supercritical extension of the supersymmetric SO(32) heterotic. However, the latter is related to a Z 2 orbifold of the HO +(n)/ theory, defined by the element g 2 in table 1. Since this breaks the Lorentz symmetry down to SO(1, 9) × SO(n), we use indices µ = 0, . . . , 9, m = 10, . . . , D − 1.
7 Actually, a BPS state in this 10d theory, c.f. [28] The original HO +(n)/ spectrum is the g 2 -untwisted sector, so it propagates in D dimensions, and must be projected onto g 2 -invariant states. In particular, the tachyons T a , as well as the 'mixed tensors' G mµ , B mµ , are forced to vanish at the fixed locus X m = 0. The only additional massless states arise from the g 1 g 2 -twisted sector, and correspond to the following 10d massless fields localized at the fixed locus X m = 0 State 10d field Comment
The spinor groundstate arises from the fermion zero modes ofψ µ , and the 10d chirality is fixed by the GSO projection. The representations of the fermions is under the SO(32 + n) gauge group and the SO(n) rot rotational group in the coordinates X m .
Regarding the latter as some kind of gauge group, the fermion content motivated ref. [27] to propose a duality with type I with n D9-D9 brane pairs.
This orbifold configuration relates to the 10d SO(32) heterotic theory by (light-like) tachyon condensation. The tachyon background couples as a worldsheet superpotential
, and the analogs of (2.5) provide the 2d scalar potential and fermion couplings. The removal of the dimensions X m , m = 10, . . . , D−1, requires a profile for the tachyons T a=23+m , i.e. a = 33, . . . , 32 + n, sketchily
before and after the familiar k → 0 limit. Note that we must restrict to tachyon profiles invariant under the orbifold
At X + → −∞ we have the parent orbifold configuration with D dimensions and vanishing tachyon, while at X + → ∞ the dynamics truncates to the slice X m = 0. The endpoint of tachyon condensation is the 10d supersymmetric SO(32) heterotic theory 8 .
Supercritical type 0 strings and decay to type II
In this Section we describe 10d type II theories as the endpoint of closed string tachyon The tachyon couples as a worldsheet superpotential,
where T (X) depends on the (1, 1) superfields
g. [50] ). Upon integrating out the auxiliary fields F M , the terms in components describe a worldsheet potential and Yukawa couplings
Condensation of this tachyon can produce dimension quenching in type 0 theories, but cannot connect down to 10d type II theories. In order to achieve the latter, we must instead consider a Z 2 quotient of the above supercritical configuration.
In particular, we focus on even dimensions D = 10 + 2p, and split the extra 2p coordinates in two sets, denoted by X m , X ′m . For such even D, there is a global symmetry on the worldsheet, corresponding to left-moving worldsheet fermion number
case, orbifolding by (−1) F Lw produces the 10d type II theories (since this projection combines with the type 0 GSO to produce independent left and right GSO projections).
In the supercritical case, modular invariance requires to mod out by g ≡ (−1)
where R is the spacetime These supercritical non-compact orbifolds can be connected with 10d type II theories by closed string tachyon condensation. The local worldsheet coupling to the tachyon background is still given by (2.9) and (2.10). The superpotential must be Z 2 -odd, so the tachyon is a superposition of marginal operators with sine dependence on X ′m 's. For instance, choosing a sine dependence also on X m , and taking two extra dimensions for simplicity, we have
In the familiar k → 0 limit, we have the tachyon profile T ∼ XX ′ , or in general (setting some constants equal for simplicity)
This removes the coordinates X m , X ′m and produces a 10d superstring theory at X m = X ′m = 0. It contains NSNS, NSR, RNS and RR sectors with a type II GSO projection,
i.e. we recover the 10d type II theories. In particular, notice that the tachyon vanishes at X = X ′ = 0 and does not give any dynamical mode after condensation.
Dimensional reduction vs dimension quenching
We conclude the discussion several conceptual remarks: Dimension quenching is drastically different from Kaluza-Klein dimensional reduction. From the spacetime viewpoint, dimension quenching causes the extra dimensions to completely disappear from the theory. In particular, there remain no towers of extra-dimensional momentum modes. Even at the level of massless modes, its effect on spacetime bosons differs from a truncation to the zero mode sector; for instance, mixed components G µm disappear completely (whereas they can survive in KK dimensional reduction). However, it is important to emphasize that, dimension quenching does behave like dimensional reduction for massless spacetime fermions; indeed, the 10d spinors arise from zero modes of the higher-dimensional Dirac operator coupled to the tachyon background [27] .
Hence, from the spacetime perspective, the natural order parameter measuring the tachyon background is the derived quantity coupling to the spacetime fermions, namely 
Discrete gauge symmetries as quenched rotations
In general, discrete symmetries cannot be regarded as a discrete subgroup of a continuous group action on the theory. This happens for instance for discrete large isometries in compactifications, namely discrete isometries associated to large diffeomorphisms of the geometry. In compactifications, discrete isometries of the internal space become discrete gauge symmetries of the lower-dimensional theory. Hence, discrete gauge symmetries from large isometries cannot in principle be regarded as unbroken remnants of some continuous gauge symmetry.
In this section we actually show that even such discrete symmetries can be embedded into continuous groups, which however act on extra dimensions in a supercritical extension of the theory. The continuous orbits come out of the critical spacetime slice, and are quenched by a closed string tachyon condensation process, which thus breaks the continuous symmetry, yet preserves the discrete one. As mentioned at the end of the previous section, this process is similar to a Higgs mechanism, but with some important differences. The appearance of extra dimensions is very intuitive in extending discrete isometries to a continuous action, since these symmetries are related to properties of the metric; still our constructions apply to fairly general discrete symmetries.
Spacetime parity
A prototypical example of large diffeomorphisms it that of orientation reversing actions, for instance, and most prominently, spacetime parity. Consider the action
It has determinant −1, so it lies in a disconnected component of the Lorentz group.
For convenience, we equivalently focus on the action x 2n−1 → −x 2n−1 (with other coordinates invariant), which lies in the same component disconnected from the identity.
It is easy to embed this symmetry into a continuous one, by adding one extra dimension x 2n , and considering the SO(2) rotation in the 2-plane (x 2n−1 , x 2n ). This is also easily implemented in string theory, as we now show using the supercritical bosonic string (since superstrings are actually not parity-invariant, due to chiral fermions or Chern-Simons couplings; still, parity can be combined with other actions to yield symmetries of such theories, see section 4.4.5).
Consider the supercritical bosonic string theory with one extra dimension, denoted by x 26 , with the appropriate timelike linear dilaton. The theory is invariant under continuous SO(2) rotations in the 2-plane (x 25 , x 26 ). As in section 2.1 we can connect it with the critical 26d bosonic theory by a closed string tachyon profile (2.3)
At X + → −∞ the tachyon vanishes and we have a 27d theory with a continuous SO(2) rotational invariance in the 2-plane (x 25 , x 26 ). At X + → ∞, the onset of the tachyon truncates the dynamics to the slice X 26 = 0, breaking the SO(2) symmetry to the Z 2 subgroup X 25 → −X 25 . Hence the Z 2 parity symmetry can be regarded as a discrete subgroup of a continuous higher dimensional rotation group, broken by the tachyon condensation removing the extra dimension.
The analogy of this breaking with a Higgs mechanism can be emphasized by using
The tachyon background implies vevs only for modes of even charge under the U (1) symmetry, hence a Z 2 symmetry remains. This description will be useful for the construction of Z 2 charged defects in section 3.3.
Finally, note that although this construction embeds the discrete group into a continuous one, there is no actual 26d SO(2) gauge boson. This will be achieved in a slightly different construction in section 4.
A heterotic Z 2 from closed tachyon condensation
In the 10d SO(32) heterotic string, the gauge group is actually Spin(32)/Z 2 , and there is a Z 2 symmetry under which the (massive) spinor states are odd, while fields in the adjoint are even 9 . We now propose a realization of this Z 2 symmetry as a discrete remnant of a continuous U(1) symmetry, exploiting the supercritical heterotic strings introduced in section 2.2.
For that purpose, it suffices to focus on the case of D = 12, i.e. two extra dimensions, denoted x 10 , x 11 . We complexify the extra worldsheet fields into a complex scalar
, and a complex fermion Λ = λ 33 + iλ 34 . We consider the U(1) action
Consider now the tachyon background (2.8) producing the SO(32) heterotic
which we have recast in terms of a holomorphic complex tachyon T ≡ T 33 + iT 34 . The order parameter ∂ Z T transforms in the bifundamental of SO(2) rot × SO(2) gauge , and breaks the SO(2) rot ×SO(34) symmetry down to SO(32) (times a diagonal factor which 'disappears'). The anti-diagonal SO(2) anti , generated by Q anti = Q SO(2)gauge − Q SO(2)rot , is broken by a charge +2 the tachyon background. To show that there is an unbroken Z 2 acting as −1 on the SO(32) spinors, it suffices to show that they descend from states with SO(2) anti charge ±1. Indeed, they descend from the massive groundstates in the g 2 twisted (and g 1 -untwisted) sector, which has λ a , ψ m fermion zero modes; the states transform as a SO(34) × SO(2) rot bi-spinor, hence have SO(2) anti charge ±1, and descend to Z 2 odd SO(32) spinors. Note that the discussion parallels that of the type I Z 2 in section 1.1 (as suggested by the duality proposed in [27] ).
A slightly unsatisfactory aspect of the construction is that there are actually no gauge bosons associated to the SO(n) rot group. This could be achieved by curving the geometry of the extra dimensions in the radial direction, with the angular coordinates 9 Recall that the Z 2 by which Spin(32) is quotiented prevents the presence of states in the vector representation; also notice that this is not the Z 2 discrete gauge symmetry we are interested in.
asymptoting to a finite size S n−1 . Its SO(n) isometry group would then produce an SO(n) gauge symmetry (in 11d). Although the geometric curvature will render the worldsheet theory non-solvable, we expect basic intuitions of the flat space case to extend to the curved situation, in what concerns the relevant topology of symmetry breaking. In any event, we will eventually turn to a more general construction, with physical gauge bosons, in section 4.
Topological defects from closed tachyon condensation
In the embedding of a discrete symmetry into a continuous one acting on extra dimensions, all relevant degrees of freedom are eventually removed by the closed string tachyon condensation. We may therefore ask what we gain by such construction. The answer is that, in analogy with open string tachyon condensation, certain branes of the final theory can be constructed as solitons of the tachyon field. Since our focus is on aspects related to Z n discrete gauge symmetries, in this section we describe the tachyon profiles corresponding to the codimension-2 Z n charged defects (real codimension-2 objects around which the theory is transformed by a discrete Z n holonomy, e.g. the Other similar examples will be discussed in section 4.3.
Discrete gauge symmetries as quenched translations
The set of discrete symmetries amenable to the quenched rotation construction in the previous section is limited. In this section we present a far more universal embedding of 
The mapping torus
The basic ingredient in the construction is the mapping torus, whose construction we illustrate in fairly general terms. Although we apply it in the string theory setup, most of the construction can be carried out in the quantum field theory framework 11 ; the ultimate removal of the extra dimensions by tachyon condensation is however more genuinely stringy.
Consider an N-dimensional theory on a spacetime X N , and let Θ be the generator of a discrete gauge symmetry Z n . We consider extending the theory to X N × I, where I is a one-dimensional interval 12 parametrized by a coordinate 0 ≤ y ≤ 2πR. We subsequently glue the theories at y = 0 and y = 2πR, but up to the action of Θ. The final configuration is the theory on X N non-trivially fibered over S 1 . The fibration is 10 This is analogous to the applications of open string tachyon condensation in annihilation processes, even if they are not exactly solvable BCFTs. 11 Incidentally, the mapping torus (a.k.a. cylinder) is widely used in the study of global anomalies [51] [52] [53] . It would be interesting to explore possible connections with our physical realization. 12 This is easily implemented in the supercritical bosonic and heterotic HO +(n) theories; for the supercritical type 0 orbifolds decaying to type II we must add another extra dimension, which can be kept non-compact; for the HO +(n) / theory, the orbifolding breaks the translational invariance and there is no actual continuous KK gauge symmetry, so we do not consider it here.
locally X N × R, but there is a non-trivial discrete holonomy implementing the action of Θ. For example, if Θ is a discrete large isometry, the (purely geometric) glueing is
Returning to the general situation, the extra dimension produces a KK U(1) gauge boson from the N-dimensional viewpoint. The orbit of the associated translational vector field ∂ y clearly contains the discrete Z n transformations, which are thus embedded as a discrete subgroup Z N ⊂ U(1). States of the theory X N transforming with phase e 2πi p/n under the discrete symmetry generator Θ extend as states with fractional momentum p/n (mod Z) along S 1 . We note that the minimal U(1) charge unit is 1/n.
In the supercritical string theory construction, the extra dimension is removed by a tachyon profile with periodicity 2πR, which truncates the theory to the slice Y = 0 (mod 2πR). For instance, in the bosonic string theory, we sketchily write
and similarly in other supercritical string theories. Concretely, we use the heterotic HO +(n) theory (since the HO +(n) / breaks translational invariance in the extra dimensions) and take T ∼ sin(
), as in the LHS of (2.6); for type II extended as supercritical type 0 orbifold, we take T ∼ sin(
)X ′ , obtained from (2.11) by renaming X → Y and taking a suitable k ′ → 0 limit.
Since the periodic tachyon profile only excites components of integer KK momentum, it mimics a breaking of the U(1) symmetry by fields of integer charge. Normalizing the minimal charge to +1, the breaking is implemented by fields of charge n. Hence, the continuous symmetry is broken to a discrete Z n symmetry in the slice y = 0, i.e.
to the Z n of the original theory at X N .
Sum over disconnected theories
There is an alternative orbifold description of the above construction (hence, particularly well-suited for string theory), as follows. We start with the theory extended to a trivial product X N × (S 1 ) ′ , with (S 1 ) ′ a circle of length 2πnR, parametrized by a coordinate y ′ . Subsequently, we mod out by the discrete action Θ on X N , accompanied by a shift y ′ → y ′ + 2πR. The unit cell under this action is an S 1 of length 2πR, along which the theory is twisted by the action of Θ, as in the previous section. Similarly, we consider a tachyon profile with periodicity 2πR.
We may regard the quotient theory on S 1 as the set of Z n invariant configurations 14 in the parent theory on X N × (S 1 ) ′ . In this description, states with charge p under Θ have integer KK momentum along (S 1 ) ′ , while the tachyon profile has KK momentum multiple of n.
This viewpoint leads to an interesting interplay with the description of discrete gauge symmetries as a 'sum over disconnected theories' [29] . Let us describe the latter, in the 4d avatar described in appendix A of that reference. Consider a 4d gauge theory with a non-perturbative sector restricted to instanton numbers multiple of n. The theory can be described as a sum over n disconnected theories (with unconstrained instanton sector) with rotating θ angle, θ k = θ + 2π k n ; schematically, an amplitude mediated by instanton number p configuration reads
The projection operator in the second expression reflects the existence of a Z n discrete gauge symmetry, rotating the θ angle; pictorially, mapping the k th disconnected theory to the (k + 1) th . The construction admits a straightforward generalization to other field theories or string models.
This 'sum over theories' prescription is reproduced by the tachyon condensation on the orbifold of the theory on X N × (S 1 ) ′ , as follows. There is a tachyon profile with n zeroes, located at y ′ = 0, 2πR, . . . , 2πR(n−1) in (S 1 ) ′ . Tachyon condensation produces n disconnected copies of the theory on X N differing by the action of Θ k , k = 0, . . . , n−1.
These copies correspond to the different 'theories' which coexist in the superposition (which in this language, is nothing but restricting to orbifold invariant amplitudes).
Topological Z n defects and quenched fluxbranes
A basic property of theories with discrete Z n gauge symmetries is the existence of Z n charged defects, real codimension-2 objects around which the theory is transformed by a discrete Z n holonomy. This non-trivial behaviour of the theory around the S 1 14 In orbifold language, this corresponds to restricting to the untwisted sector. Twisted states stretching between different zero loci of the tachyon will disappear in the process of tachyon condensation, so they can be ignored in the discussion.
surrounding the Z n defect, is identical to the fibration over S 1 in the mapping torus in the previous sections. This may be regarded as an underlying reason for the universality of the mapping torus construction, which applies to fairly general discrete symmetries (as opposed to those in section 3). In this section we use this relation to construct tachyon condensation profiles which produce the Z n charged defects of the theory, The Z n defects can be constructed by using the same strategy in dimensional quenching, rather than in dimensional reduction. We start with the mapping torus of X N fibered over a S 1 parametrized by y, c.f. section 4.1. We choose a 2-plane (x 8 , x 9 ), or z ≡ x 8 + ix 9 ≡ re iϕ . Finally, we turn on a closed string tachyon profile (4.2), but now depending on y ′ = y + ϕR, to remove one extra S 1 dimension. The resulting configuration contains a Z n defect at the origin of the 2-plane, since a rotation in ϕ ′ results in a Z n holonomy. Note that the disappearance the KK gauge bosons in dimensional quenching (as compared with dimensional reduction, recall section 2.4), implies that there is no actual magnetic flux on the 2-plane, yet there is a non-trivial holonomy, as required to describe a Z n charged object. We refer to these Z n defects as 'quenched fluxbranes'.
Note that in contrast with actual fluxbranes, we do not require quenched fluxbranes to solve the equations of motion of the spacetime effective theory. Instead, we use the construction to characterize the relevant topology describing Z n defects.
The construction makes manifest that Z n defects are conserved modulo n. Indeed, n Z n defects correspond to a fluxbrane with trivial monodromy: going around it once implies moving n times around S 1 in the mapping torus. The configuration can be trivialized by a coordinate reparametrization.
Examples 4.4.1 Spacetime parity revisited
As an example, consider the realization of a spacetime Z 2 parity in e.g. the bosonic theory. Differently from section 3.1, the 27d supercritical geometry has the dimension x 25 fibered non-trivially along an extra S 1 parametrized by y, forming a Möbius strip.
In this non-orientable geometry, spacetime parity is a Z 2 subgroup of a continuous KK U(1). The symmetry breaking is triggered by closed string tachyon condensation. The Z 2 defects of the 26d theory, regions around which spacetime parity flips, can be constructed as quenched fluxbranes with a tachyon condensate (4.2), with the replacement
where ϕ is the angle in the 2-plane transverse to the defect.
Z 2 symmetries of heterotic theories
We can easily implement the mapping torus construction to realize continuous versions of certain discrete symmetries of 10d heterotic theories. (32) spinors, e.g.
where the factor 1 2 corresponds to the charge of spinors.
Consider a second example, given by the Z 2 symmetry exchanging the two E 8 's in the 10d E 8 × E 8 heterotic, i.e. an outer automorphism. The gauge nature of this symmetry, argued in [59] , can be made manifest using the mapping torus construction in the supercritical E 8 × E 8 theory mentioned in section 2.2. In this case, we must introduce a permutation Wilson line along the S 1 , similar to those in CHL strings in 16 Incidentally, the same discrete symmetry may have different supercritical embeddings into continuous symmetries. This is similar to embedding the same Z n symmetry into different continuous
lower dimensional compactifications [60, 61] (see also [62] [63] [64] for permutation Wilson lines in toroidal orbifolds).
Discrete isometries of T 2
We now give new examples, based on the discrete isometries of T 2 in appendix B. To prevent a notational clash, we use β ≃ β + 2π to parametrize the supercritical S 1 .
The construction of the mapping torus for T 2 is basically an orbifold of
, by a rotation in T 2 and a simultaneous shift in S 1 . They are described by free worldsheet CFTs and are familiar in orbifold constructions (in critical strings), see e.g. [65] . Instead, we recast the construction in a language which will admit an easy generalization to CYs in projective spaces. In order to exploit the power of complex geometry, let us extend S 1 to C * ≡ C−{0}, by introducing a variable w = |w|e iβ (which can eventually be fixed to |w| = 1 to retract onto S 1 ). The mapping torus is associated to an elliptic fibration over C * , with constant τ parameter on the fiber, and suitable SL(2, Z) monodromies around the origin. It turns out that holomorphic fibrations suffice for our purposes. Indeed, the constant τ holomorphic fibrations discussed in the context of F-theory [66, 67] , can be readily adapt to the present (non-compact) setup.
Consider a Weierstrass fibration over a complex plane w
Our base space is non-compact, so we do not fix the degrees of the polynomials f , g.
From (B.
2), a constant τ fibration is achieved by [66] f (w) = α φ(w)
with φ(z) some polynomial. The value of τ is encoded in α.
In order to describe the Z 2 in table B, which exists for generic values of τ , we simply choose φ(w) = w, and have
Moving along S 1 (namely, w → e iδβ w), the coordinates transform as x → e iδβ x, y → e 3iδβ/2 y. The holonomy along S 1 is x → x, y → −y, precisely the desired Z 2 action.
The construction of Z 2 defects is now straightforward. We simply introduce a complex coordinate z for the two real transverse dimensions, and consider the configuration obtained from (4.7) by the replacement w → w + z. Note that two Z 2 strings are described by a fibration with φ = w 2 , which can be made trivial by a reparametrization,
A similar discussion can be carried out for the remaining holomorphic Z n actions in appendix B. Skipping further details, we simply quote the relevant fibrations:
These fibrations differ slightly from those in [67] , because the latter describe crystallographic actions on global geometries. We note that the local behavior of their fibrations around fixed points on the base is equivalent to ours, modulo reparametrizations describing creation/annihilation of n Z n defects.
Discrete isometries in CYs: the quintic
The above strategy generalizes easily to more general CYs, as we illustrate for the quintic X 6 = P 5 [5] . Recall its expression (B.3) at the Fermat point, Note the important point that motion in w does not correspond to changing the moduli of X 6 . Recall that complex structure moduli are described by deformations of the defining equation corresponding to monomials i (z i ) n i 's with n i < 4. This means that as one moves around the string there is no physical scalar which is shifting. This is fine because the monodromy is not part of a continuous gauge symmetry acting on any scalar of the 4d theory (as it disappears from the theory in the tachyon condensation).
These discrete isometries are relevant, since they often correspond to discrete Rsymmetries of the 4d effective theory. The discussion of possible applications of our tools to phenomenologically interesting discrete R-symmetries is beyond our scope.
Antiholomorphic Z 2 and CP as a gauge symmetry
A final class of discrete isometries of CY compactifications are given by antiholomorphic Z 2 actions, e.g. z i → z i , which are large isometries of the CY spaces with defining equations with real coefficients. These are orientation-reversing, and hence are not symmetries of the superstrings, but can be actual symmetries if combined with an extra action. For instance, their combination with 4d parity gives a discrete symmetry, which in heterotic compactifications corresponds to a CP transformation [68] . Applying the mapping torus construction to this Z 2 symmetry (i.e. combining ingredients of the previous section and section 4.4.1) results in a description of CP as a discrete gauge symmetry explicitly embedded in a (supercritical) U (1) symmetry. This is a new twist in the history of realizing CP as a gauge symmetry, see e.g. [59, 69] .
Z n symmetries already in U(1) groups
Although we have focused on discrete symmetries from (large) isometries, the constructions can be applied to general Z n discrete symmetries, even those embedded in continuous U(1) factors already in the critical string theory (see [10] [11] [12] [15] [16] [17] [18] for such symmetries in string setups). Focusing on the 4d setup for concreteness, recall [5] (also, the appendix in [12] ) that the key ingredient is a U(1) group with potential A 1 , acting on a real periodic scalar φ ≃ φ + 1 as
The U(1) is broken, with φ turning into the longitudinal component of the massive gauge boson. But there is an unbroken Z n , preserved even by non-perturbative effects.
For instance, gauge invariance forces the amplitude of an instanton at a point P to be dressed as
which describes the emission of electrically charged particles of total charge n (i.e.
preserving the Z n ) along semi-infinite worldlines L starting at P .
Let us now consider embedding this Z n symmetry as a mapping torus construction in a supercritical extension of the theory. Along the extra S 1 there is a non-trivial U (1) transformation (integrating to the Z n generator) and a corresponding shift φ → φ + 1.
In other words there is one unit of flux for the field strength 1-form
Notice that the mapping torus of length 2πR and the n-cover circle of length 2πnR (c.f. section 4.2) provide a physical realization of the two S 1 's in [11] , associated to the periodicity of φ and of the U(1).
Fields with charge q under the Z n have S 1 boundary conditions twisted by e 2πi q/n , hence have KK momenta k + q/n, with k ∈ Z, and so carry charge under the KK U(1).
This piece allows to recover (4.13) in this picture, as follows. The operator e −2πiφ at a point in the S 1 (and at point P in the critical spacetime) picks up phase rotations under translation, i.e. under a KK U(1) transformation, which must be cancelled by those insertions of KK modes, with total KK momentum 1, e.g. n states of minimal
The discussion in the previous paragraph has a nice string theory realization in the context of Z n symmetries arising from the U(1) gauge groups on D-branes. In particular we focus on D6-brane models c.f. [10] , where A 1 is the gauge field on D6-branes, φ is the integral of the RR 3-form C 3 over some 3-cycle Σ 3 , and the instanton is an euclidean D2-brane on Σ 3 . The non-trivial shift of φ, namely the flux (4.14), corresponds to a 4-form field strength flux
The D2-brane instanton on Σ 3 is not consistent by itself, but must emit particles with one unit of total KK momentum. This is more clear in the T-dual picture, which contains a D3-brane on Σ 3 × S 1 with one unit of F 3 flux over Σ 3 , which must emit a fundamental string with one unit of winding charge [70] .
Dual versions
In this section we focus on yet another class of discrete large symmetries, which involve stringy non-geometric transformations. The corresponding mapping torus constructions can be regarded as containing non-geometric fluxes, in analogy with the duality twists in e.g. [65] .
Quantum symmetry in orbifolds
Consider an orbifold compactification with parent space Y 6 and orbifold group Z n with generator θ (which may also act on the gauge bundle in heterotic models). A general result from the structure of worldsheet amplitudes is the existence of a 'quantum' 17 Z n discrete symmetry (different from the Z n generated by θ). The generator g acts on fields in the θ k -twisted sector with a phase e 2πi k/n . Invariance under this Z n leads to restrictions in amplitudes usually known as 'point group selection rules', and have been discussed in the context of heterotic compactifications (see [71, 72] for reviews, and e.g. [19, 73] for early and recent applications). These symmetries have not been embedded in a continuous group.
For the present purposes, we may focus on the simple non-compact setup of C 3 /Z n , and take C 3 /Z 3 as illustrative example. In fact, the quantum symmetry in this case is part of the ∆ 27 discrete symmetry analyzed in [13] (see [14] for generalizations involving Z n ). It is straightforward to apply the mapping torus construction in section 4 to derive this symmetry from a continuous U(1) acting on an extra S 1 . The construction is however particularly interesting because it involves a non-geometric Z n action (see the next section for other examples).
It is worthwhile to point out that the quantum symmetry can be geometrized by application of mirror symmetry [74] . For instance, focusing on C 3 /Z 3 , the mirror geometry is described in e.g. [75] (in the setup of D3-branes at singularities), and can be recast as
The geometry is a double fibration over the complex plane z, with one C * fiber parametrized by u, v (degenerating over z = 0), and the second fiber being a T 2 (c.f. appendix B.1), degenerating over three points on the z-plane.
The mirror of the quantum Z 3 symmetry is generated by
This preserves the holomorphic 3-form Ω = dx y ∧ du u ∧dz. Note that the action restricted to z = 0 is given by the Z 3 isometry of T 2 in appendix B.1.
Therefore, mirror symmetry renders the embedding of this Z 3 symmetry similar to the examples analyzed in Section 4.4.
17 It is quantum in the sense of the worldsheet α ′ expansion. The symmetry is not visible in the large volume limit, because blow-up modes are in twisted sectors and thus Z n -charged, so their vevs break the symmetry.
T-duality in type II T 2 compactifications
T-duality is a fundamental duality, i.e. a discrete transformation implying the equivalence of different string models, or different points in the moduli space of a single string model. In systems mapped to themselves by a T-duality transformation, the latter should manifest as a discrete symmetry of the configuration. For instance, the 26d closed bosonic string theory on an S 1 of radius R = √ α ′ is self-T-dual. In this case, the Z 2 symmetry is actually part of an enhanced SU (2) 2 gauge symmetry at the critical radius [76, 77] . We conclude with a final remark regarding the mapping torus construction for the Z 4 self-T-duality. It provides an example of non-geometric fluxes in extra supercritical dimensions. Namely, as the theory moves along the extra S 1 it suffers a non-geometric transformation, which is not a diffeomorphism, but is a symmetry of string theory.
This is a particular instance of the non-geometric (but locally geometric) Q-fluxes in [78] , which have been concretely considered in orbifold language in e.g. [65] . Clearly the appearance of non-geometric fluxes along the supercritical S 1 will occur in the mapping torus construction of any discrete symmetry described by a non-geometric symmetry on the underlying compactification space.
6 Non-abelian discrete gauge symmetries
In this section we explore the generalization of the above ideas to the non-abelian case (see [79] [80] [81] [82] [83] [84] for early references on non-abelian discrete gauge symmetries, and [11, 12, 18] (also [13, 14] ) for recent string theory realizations).
Consider an N-dimensional theory X N with a discrete gauge symmetry group Γ (in general, not realized as a subgroup of a broken continuous symmetry). We would like to add extra dimensions in a supercritical extension of the theory, such that Γ is embedded in a continuous non-abelian group G.
A possibility is that G is an isometry group acting on the extra dimensional space Configurations with local group actions, which are however not symmetries of the system have appeared in the context of discrete gauge symmetries in [11] . They describe a non-abelian continuous symmetry which is broken and has become massive by gauging a set of scalars. This broken continuous symmetry may have an unbroken discrete subgroup, which manifests as a discrete gauge symmetry of the theory. This perspective is useful to deal with the non-abelian discrete symmetry Γ of the theory X N , and its embedding into a continuous group G acting on the quotient (X N × Y)/Γ. This construction provides an embedding of Γ into a continuous symmetry which is broken and made massive by a process of gauging. The tachyon condensation would then truncate the gauged theory to the critical spacetime slice, triggering no additional symmetry breaking. Note that the construction in section 4.4.6 can be regarded as a particular realization of this idea in the abelian case.
Discrete Heisenberg group from supercritical magnetized tori
It is easy to provide concrete examples of this realization; in this section we present an embedding of a discrete Heisenberg group in terms of a supercritical extension with magnetized T 2 , in a setup close to [11] . A more formal discussion in terms of cosets is left for appendix C.
Consider the theory X N to have a U(1) gauge symmetry and a discrete gauge symmetry, generated by two order-n elements A, B (with A n = B n = 1) which commute to an element of U (1), that is AB = CBA with C ∈ U(1) (note that C is required to be of order n as well). This is a discrete Heisenberg group, which we denote by H n .
We assume that H n is not embedded into any continuous (massive or not) symmetry of X N .
Consider now a supercritical extension of the theory with two extra dimensions (two plus two for type 0 extensions of type II models), which parametrize a T 2 (for simplicity taken square with unit length coordinates x, y). In analogy with the mapping torus construction, we specify that the theory X N picks up the action of the generators A, B, as one moves along the two fundamental cycles of T 2 . This embeds the two discrete generators into continuous translational U(1) actions, the would-be KK gauge symmetries of the theory. These symmetries are however broken, even before the process of tachyon condensation. To see this, note that moving around the whole T 2 results in an action ABA −1 B −1 = C, namely there is a circulation of the U(1) gauge potential. This implies that there is a non-trivial U(1) magnetic field (with n units of flux [11] ) on the T 2 . Although the field strength can be taken constant and the configuration seems translational invariant, the gauge potential can be written
so that translations in x imply a change in the Wilson line of A along y, and viceversa.
This can be regarded as an action of the KK U(1)'s on the Wilson line scalars, which define a gauging that breaks the continuous symmetry and makes the KK gauge bosons massive [11, 18] . There is however an unbroken H n ⋊ U(1) symmetry, corresponding to the original group of X N .
We may subsequently turn on a non-trivial periodic tachyon profile to remove the extra dimensions, and truncate the dynamics to the origin. For instance, we may take the supercritical heterotic theory HO +(2) with T 33 ∼ sin(πx), T 34 ∼ sin(πy). We emphasize that the tachyon background does not lead to any additional breaking of the symmetry. It should be straightforward to find other examples of non-abelian discrete symmetries embedded in continuous massive symmetries.
Conclusions
In this paper we have shown that genuinely discrete gauge symmetries in string theory can actually be embedded into continuous symmetries, by extending the theories beyond the critical dimension and using closed string tachyon condensation. We have discussed several different examples of such symmetries and embeddings, and their relationship. The examples include outer automorphisms of the gauge group, discrete isometries of the compactification space, quantum symmetries at orbifolds, etc.
The construction brings these symmetries into a framework close to other discrete symmetries obtained as remnants of continuous ones, e.g. [5] ; however the symmetry breaking mechanism by closed string tachyon condensation implies important novelties compared with the familiar gauging/Higgsing ones. Interestingly, the realization of discrete symmetries as quenched translations makes contact with the alternative description of discrete symmetries as a sum over disconnected theories in [29] .
We have also discussed aspects of the generalization to non-abelian discrete symmetries, which typically require invoking an additional gauging mechanism. It would be interesting to exploit our constructions to study this and more general cases, and gain insights towards a general picture of discrete symmetries in string theory.
The most relevant gain achieved by embedding the discrete symmetries into continuous ones is the realization of charged topological defects as tachyon solitons. This is very reminiscent of the realization of D-branes as open string tachyon solitons, and K-theory. An important novelty is that our construction, for instance for large isometries, can produce objects with charges associated to the gravitational (rather than RR) sector of the theory. Hopefully, future work will clarify the mathematical structures underlying closed string tachyon condensation and its topological solitons. We hope to return to this and other related interesting points in the future.
A Partition functions of supercritical strings
Despite the long history of supercritical strings [26] , their detailed construction may be unfamiliar to most readers. In this appendix we complement the main text references therein (e.g. [27, 44] ) by providing their partition functions, which help in visualizing the diverse GSO-like projections. Their construction is standard, with the linear dilaton simply readjusting the zero point energy to reproduce the masses used in the main text.
We start with the supercritical bosonic string in D dimensions, for which we have
For the supercritical type 0A/B in D = 10 + n dimensions, the partition function reads
In the last line we have introduced the notation from [85]
Consider now type 0 supercritical theories in D = 10 + 2k dimensions, and orbifold by the Z 2 flipping k extra dimensions, and worldsheet fermions as described in the text.
The partition function sums over untwisted and twisted sectors, and reads
This can be written compactly as
by defining generalized 'Z' functions for different sectors
Note that each bosonic thetas (indicated with'B') must be replaced by η(τ )
Let us move on to the heterotic theories. For the HO (n) theory, the partition function is
Note the familiar SO(32) sector in the last factor of the first line. The familiar change of GSO projections in these 32 fermions can be used to directly construct the
version of the theory used in section 4.4.2.
For the HO +(n) / theory, the partition function is The orbifold can be written compactly using the generalized functions (A.6), as
B Some examples of discrete isometries
In this Appendix we gather a few standard yet illustrative examples of discrete isometries corresponding to large diffeomorphisms in compact manifolds. We first review the case T 2 , and move on to the quintic. Extension to other CY hypersurfaces is straightforward.
B.1 Discrete isometries of T 2
The 2-torus can be described as a quotient R 2 /Γ of the 2-plane by a lattice Γ of translations. Beyond the U(1) 2 continuous isometry group, there are possible discrete isometries from crystallographic symmetries of Γ, which correspond to large diffeomorphisms. Introducing a complex coordinate z with periodicities z ≃ z + 1, z ≃ z + τ , these isometries are subgroups of the SL(2, Z) modular group, leaving the lattice invariant (possibly for some specific choice of τ ). An alternative description of T 2 is via the Weierstrass equation
The coordinates x, y relate to z by the so-called 'uniformization mapping' (see e.g. [86] ).
Here f, g are complex constants, in terms of which the j-function of the complex structure parameter τ is j(τ ) = 2(24 f ) 3 27g 2 + 4f 3 (B.
2)
The discrete symmetries, and the values of the complex structure modulus at which they hold, are familiar from the construction of toroidal orbifolds. They are Here we have applied certain rescalings to simplify the Weierstrass equation for Z 4
and Z 6 . Note that, by squaring the Z 6 generator, there is a Z 3 symmetry for τ = e πi/3 .
Finally, the last two entries correspond to orientation-reversing actions, and they are actually not in SL(2, Z).
B.2 Discrete isometries of the quintic
Consider the quintic CY X 6 = P 5 [5] at the Fermat point, i.e. the hypersurface with defining equation This has a discrete symmetry group (Z 5 ) 4 × S 5 . The S 5 is the group of permutations of 5 elements, the homogeneous coordinates z i . The Z 5 's are generated by independent phase rotations z i → e 2πi/5 z i , with the removal of an overall phase rotation which is part of the projective action to define the ambient P 5 .
In addition, there is an antiholomorphic action
These actions, and their products, have been extensively exploited in the literature.
C Non-abelian discrete symmetries and cosets
We describe in more formal terms some of the ingredients in the embedding of nonabelian discrete symmetries into continuous groups. We start with a general framework description with broad applicability, which we subsequently apply to the discrete Heisenberg group in section 6.1.
C.1 General framework
Consider a theory M, with a (right-acting) discrete symmetry group Γ, which we want to embed as part of a supercritical theory. We also have a group G with a normal subgroup N. As a first step in the construction, we build the trivial fiber bundle E ≡ G × M, with canonical projection map onto the first factor π(g, m) = g. There is a canonical action A of G, so that for each g ′ ∈ G, A(g ′ ) : (g, m) → (g ′ g, m).
We now pick a homomorphism φ : N → Γ and for each n ∈ N consider the action F n : (g, m) → (ng, m · φ(g −1 ng)). We quotient E = G × M by the equivalence relation e 1 ∼ e 2 if F n (e 1 ) = e 2 for some n ∈ N. The quotient, denoted by E/F , has a natural projection π ′ onto G/N with preimage M, so the configuration is a non-trivial fiber bundle over G/N. Furthermore, thanks to the normality of N, the action A(g) descends to a well-defined action in the quotient (namely, the images under A(g) of F -equivalent points are F -equivalent).
The topology of the bundle is specified by the holonomies around non-trivial loops in G/N. Consider a one-parameter curve g(t) in G, with t ∈ [0, 1], going from the identity to some n ∈ N, namely g(0) = 1, g(1) = n. This descends to a closed loop in G/N, with a non-trivial action on the fiber M. In particular, a point of E/F with representative (g, m) ∈ E comes back as the point (ng, m) ∈ E, which is in the class of (g, m·φ(g −1 n −1 g)) in E/F . Namely, the fiber suffers a monodromy given by an element in φ(N) = Γ, the discrete symmetry group. The construction succeeds in embedding this symmetry as part of the continuous group G acting on the coset G/N. Notice however, that the continuous group may act as a non-trivial shift of scalars, resulting in a gauging which makes the symmetry massive.
The last step would be to introduce a tachyon restricting the dynamics to the identity class in G/N. This is difficult to describe in general, but can be worked out in detail in examples.
C.2 The Heisenberg group
We now describe a particular example, which eventually corresponds to the Heisenberg group in section 6.1. This illustrates some of the ingredients ultimately leading to massive continuous symmetries.
We take G to be the Heisenberg group H 3 (R) and introduce the normal subgroup We consider a theory M with a symmetry H n ⋊U (1), with H n a discrete Heisenberg group. The action of N on this theory (the homomorphism φ above) includes a U (1) gauge transformation with parameter e 2πihz . Incidentally, note that the homomorphism φ has a non-trivial kernel, given by N N . We now take the product G×M, and quotient by the equivalence relation (g, e 2πiθ ) ∼ (hg, m·φ(g ), so the U(1)
fiber transforms as e 2πiz → e 2πiz e iπy under x → x + 1, and as e 2πiz → e 2πiz e −iπx under y → y + 1. A connection on this bundle must satisfy A(x + 1, y) = A(x, y) − πdy,
A(x, y + 1) = A(x, y) + πdx, which imply that the solutions carry a nonzero magnetic flux.
The action of G does not correspond to a true symmetry of the background, as follows. On G × M, it takes (g, e 2πiθ ) to (g ′ g, e 2πiθ ). To find the action on the quotient, we take without loss of generality g = (x, y, 0) and g ′ = (a, b, c), and have (g ′ g, e 2πiθ ) = x + a, y + b, c + 1 2 (ay − bx), e 2πiθ e πi(−2c+bx−ay+(a+x)y−(b+y)x) . (C.1)
It maps fibers at different points, and also acts by moving along the fiber, i.e. translations plus gauge transformations, as usual in the magnetized torus. The true symmetries are given by the transformations A(n) for n ∈ N, which are precisely H n ⋊ U(1),
recovering the results in [11, 18] .
